In this paper we study the Calabi diastasis function of Hermitian symmetric spaces. This allows us to prove that if a complete Hermitian locally symmetric space (M, g) admits a Kähler immersion into a globally symmetric space (S, G) then it is globally symmetric and the immersion is injective. Moreover, if (S, G) is symmetric of a specified type (Euclidean, noncompact, compact), then (M, g) is of the same type. We also give a characterization of Hermitian globally symmetric spaces in terms of their diastasis function. Finally, we apply our analysis to study the balanced metrics, introduced by Donaldson, in the case of locally Hermitian symmetric spaces.
Introduction
Let M be a complex manifold endowed with a real analytic Kähler metric g. Then in a neighborhood of every point p ∈ M , one can introduce a very special Kähler potential D g p for the metric g, which Calabi [3] christened diastasis. Recall that a Kähler potential is an analytic function Φ defined in a neighborhood of a point p such that ω = i 2∂ ∂Φ, where ω is the Kähler form associated to g. In a complex coordinate system (z) around p one has:
A Kähler potential is not unique: it is defined up to an addition with the real part of a holomorphic function. By duplicating the variables z andz a potential Φ can be complex analytically continued to a functionΦ defined in a neighborhood U of the diagonal containing (p,p) ∈ M ×M (hereM (q) = 1 implies p = q (see [3] or [1] for details).
Lemma 1.1 (Calabi [3]) Let (M, g) be a Kähler manifold which admits a Kähler immersion f : (M, g) → (S, G) into a real analytic Kähler manifold (S, G). Then the metric g is real analytic. Let D
(iii) the complex hyperbolic space
endowed with the hyperbolic metric G hyp of constant holomorphic sectional curvature 4b. The globally defined diastasis D 
The diastasis function of a symmetric space
We describe the diastasis function for Hermitian (globally) symmetric spaces. (We refer to Sections 2, 3 and 4 of [6] for the basic material we need about these spaces.) Every Hermitian symmetric space (S, g) is (up to biholomorphisms) the Cartesian product of irreducible ones. Irreducible Hermitian symmetric spaces are of three types: Euclidean, noncompact and compact.
An Hermitian symmmetric space of Euclidean type is biholomorphically isometric to (C n , g), where g = cg 0 and g 0 is the standard Euclidean metric. Therefore a (global) potential for g is given by Φ(z) = c z 2 and the diastasis function
An irreducible Hermitian symmetric space of noncompact type is biholomorphically isometric to (D, g), where D is a bounded symmetric domain in C n which can be chosen circular (i.e. z ∈ D, θ ∈ R imply e iθ z ∈ D) and convex and g is, up to a positive constant, the Bergman metric
, 
In the next Lemma we prove that D g 0 (z) = 0 implies z = 0.
Lemma 2.1 Let (D, g) be an irreducible Hermitian symmetric space of noncompact type. Then for all
Proof: Let H m be the Hilbert space consisting of holomorphic functions 
is invariant under the action of the group of isometric biholomorphisms of (D, g). Since this group acts transitively on D we have that
It can be shown that, for m sufficiently large, H m contains all polynomials and that that 1, z 1 , . . . , z n are L 2 -orthogonal. Thus, without loss of generality, we can assume that there exist
where C ∞ denotes the Hilbert space consisting of sequences
This space can be seen as the affine chart Z 0 = 0 of the infinite dimensional complex projective space 
Remark 2.2
The fact that a bounded domain endowed with its Bergman metric admits a Kähler immersion ϕ into the infinite dimensional complex projective space is well-known and was first pointed out by Kobayashi [8] . This is not sufficient to deduce that its diastasis function satisfies the properties stated in Lemma 2.1 since we do not know if the Kähler immersion ϕ is injective.
Finally, we consider irreducible Hermitian symmetric spaces of compact type (C, g). It is well known that C is a compact homogeneous simplyconnected Kähler-Einstein manifold with strictly positive scalar curvature. [3] ). In [14] it is proved that the polar variety with respect to a point p of a Hermitian globally symmetric space of compact type equals the cut locus of p with respect to the metric g.
Kähler immersions of Hermitian spaces
In this section we study Kähler immersions of Hermitian locally symmetric spaces into Kähler manifolds which admit a diastasis similar to that of the projective space. Due to the structure of the diastasis function for the complex projective space (see (ii) in the introduction), we give the following:
Observe that the Kähler metric of a finite or infinite dimensional complex spase form is projective-like. This is true also for Hermitian globally symmetric space as expressed by the following proposition.
Proposition 3.2 An Hermitian globally symmetric space (M, g) is projectivelike.
Proof:
as a product of irreducible globally symmetric spaces (M j , g j ) and observe that (q j ) = 1 for all j. Again by formula (1), Lemmata 2.1 and 2.3 we know that an irreducible Hermitian globally symmetric space is projective-like and hence p j = q j , i.e. p = q. 2 The following theorem is an easy consequence of the definitions and of the property of Calabi's diastasis function.
Theorem 3.3 Let (S, G) be an almost projective-like Kähler manifold and let (M, g) be a Kähler manifold such that its universal cover (M,g) is projective-like. If (M, g) admits a Kähler immersion f into (S, G), then (M, g) is simply connected and the map f is injective.
Proof: Let π : (M,g) → (M, g) be the universal covering map and consider the Kähler immersionf = f • π : (M,g) → (S, G). We claim thatf is injective. Indeed, let p and q be two points inM such thatf (p) =f (q) = x. It follows by Lemma 1.
x (x) = 1 (the previous equality makes sense since, by hypothesis, e −D G x is globally defined on S). Since, by assumption, (M,g) is projective-like it follows that p = q. Therefore π injective and, since it is a covering map, it is forced to be a biholomorphism.
2 Consider now a complete Hermitian locally symmetric space (M, g). It is a classical fact that its universal cover (M,g) is an Hermitian globally symmetric space (see e.g. [7] ). Therefore, by taking into account Proposition 3.2 and the previous theorem, we get:
Corollary 3.4 If a complete Hermitian locally symmetric space admits a Kähler immersion into an almost projective-like Kähler manifold (S, G) then (M, g) is globally symmetric and the immersion is injective.
By taking f = id M (the identity map of M ) in the previous corollary we get the following:
Corollary 3.5 Let (M, g) be a complete Hermitian locally symmmetric space. If g is almost projective-like, then (M, g) is globally symmetric. In particular, any complete, almost projective-like and flat Kähler manifold is simplyconnected.
Observe that the metric g of a Hermitian locally symmetric space has constant scalar curvature. In the compact case the previous corollaries hold true for any constant scalar curvature Kähler metric cohomologous to g. More precisely we have the following:
Theorem 3.6 Let (M, g) be a Hermitian locally symmetric space such that its universal coverM is compact (and hence M is compact). Let g 1 be a constant scalar curvature Kähler metric cohomologous to g (namely the Kähler forms associated to g and g 1 are cohomologous). If (M, g 1 ) admits a Kähler immersion f into an almost projective-like Kähler manifold (S, G) then (M, g) is globally symmetric and the map f is an embedding. In particular if (M, g 1 ) is almost projective-like then (M, g) is globally symmetric.
Proof: As before consider the the universal covering map π :M → M and letg 1 be the constant scalar curvature Kähler metric onM given byg 1 = π * (g 1 ). By Theorem B in [10] two cohomologous constant scalar curvature metrics on a compact homogeneous space have to be equivalent, hence there exists a biholomorphism F :M →M such that F * (g 1 ) =g, whereg = π * (g). Thus the metricg 1 is projective-like and the conclusion follows by applying Theorem 3.3 to the Kähler immersion f : (M, g 1 ) → (S, G) . 2 In the case the ambient space (S, G) is globally symmetric we get the following.
Theorem 3.7 Let (S, G) be a globally Hermitian symmetric space. If a complete Hermitian locally symmetric space (M, g) admits a Kähler immersion f into (S, G), then (M, g) is globally symmetric and f is injective. If, moreover, (S, G) is a globally symmetric space of a specified type, then M is of the same type.
Proof: Since (S, G) is projective-like by Proposition 3.2 we can apply Corollary 3.4 to prove the first part. In order to prove the second part we start from the case when (S, G) is of Euclidean type. It follows immediately that in the decomposition of (M, g) into irreducible factors it cannot appear compact factors. Moreover, Theorem 3.9 below implies that in this decomposition there cannot exist a noncompact factor and hence M is of Euclidean type. Suppose now that (S, G) is of compact type and suppose, by contradiction, that (M, g) is of Euclidean or noncompact type and it admits a Kähler immersion f into (S, G). In the Euclidean case, by composing f with the map K m : (S, G) → (CP dm ) given by (6) in the previous section, we get (for sufficiently large m) a Kähler immersion
. Since (C n , mcg 0 ) is flat, this is forbidden by a well-known result of Calabi (see [3] embedded into (S, G) . By Proposition 9.2 p. 176 in [9] (by taking f as the inclusion) one has:
where R S and R M denote the curvature tensors of S and M respectively, X and Y are two vectors fields on M , J is the almost complex structure on S (and M ) and α is the second fundamental form. Since R S (X, JX, JY, Y ) (i.e. the holomoprhic bisectional curvature) of an Hermitian symmetric space of noncompact type is non positive, we get that such f is totally geodesic, i.e. α = 0. But totally geodesic submanifolds of symmetric spaces are characterized by Lie triple system, namely subspace V p ⊂ T p M invariant by the curvature tensor (see [7] ). Being this an algebraic characterization we can think this "flat" and "complex " Lie triple V p in the complex dual of S. So, we get a complex flat submanifold of an Hermitian symmetric space of compact type which is excluded by Calabi's theorem as before. 2 Observe that the previous Theorem is a generalization of the following theorems (see [14] and Section 3 in [13] ) Remark 3.10 Theorem 3.9 (and hence our Theorem 3.7) cannot be generalized when the ambient space is an infinite dimensional complex space form. Indeed, one can contruct Kähler immersions of a flat or hyperbolic complex space form into CP ∞ (see Chapter 5 in [3] ). It is also worth mentioning that Theorem 3.9 has been generalized when the manifold (M, g) is Kähler-Einstein or homogeneous (see [20] and [4] ).
We conclude this section with a nice characterization of globally symmetric spaces in terms of their diastasis function. (F (p, q) ) = ∆ q (F (p, q) Proof: In Section 3 of [6] it is proven that ∆ p (F (p, q)) = ∆ q (F (p, q) ) implies that (M, g) is locally symmetric and so the conclusion follows by Corollary 3.5. 
It follows, by (8) , that
The holomorphic section e q ∈ H 0 h (L) is called the coherent state relative to the point q. Thus, one can define a smooth function on M (depending on the Kähler metric g)
where q ∈ L \ {0} is any point on the fiber of x. s j (x) ). We are now in the position to recall the definition of balanced metrics (see [5] for the compact case and [2] for the noncompact case).
Definition 4.1 A polarized Kähler metric g on M is balanced if the function
g (x) is constant and nonzero on M .
Balanced metrics are important for the theory of quantization of Kähler manifolds (see e.g. [2] ), stability of complex line bundle and Kähler-Einstein metrics ( [16] , [17] , [18] and [19] ) and existence and uniqueness of extremal and constant scalar curvature metrics ( [5] , [11] and [12] ).
The existence and the uniqueness of balanced metrics has been study by Donaldson [5] Observe that the Kähler metricg = π * (g) onM in the previous theorem is projective-like by Proposition 3.2. Indeed this is the only assumption one needs to prove Theorem 4.3. This is expressed by the following: h (L) (see [2] ). Thus the conclusion follows by applying Theorem 3.3 to the Kähler immersion i g . 2 Observe that if if (M,g) is a globally Hermitian symmetric space and we assume that the metricg is polarized theng is balanced. In fact all the metrics mg are balanced for all non negative integer m and it is conjecturally true that if a complete spaceM admits a balanced metricg such that mg is balanced for all m, then (M,g) is a globally Hermitian symmetric space (see Section 4 in [2] ).
The following question naturally arises: if g is a complete balanced metric on complex manifold M such that alsog = π * (g) is balanced can we conclude that M is simply connected?
The following theorem gives a partial answer to this question. 
